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OVERVIEW

» Large N expansion implemented through the
AdS/CFT correspondence is at present our main tool
for understanding the gauge/string duality

» N=4 SYM: gives exact results summarized by the
Bethe ansatz

» g=0:Tensionless string [sundborg ‘94;Witten ‘01; Sezgin & Sundell ©02]

» Vector models, at critical points, result in AdS,/CFT;
correspondence [Klebanov & Polyakov ‘02] with pure AdS
spacetime



» As a result, the duality is not restricted to
Gauge/String theories

» Higher Spin Gravity [Vasiliev '80-'90]
» Agreement of boundary correlation functions:
This has been demonstrated by Giombi and Yin ['09,10]

» The model (free CFT) gives us the simplest example
of AdS/CFT correspondence:in depth study



Talk:

» Present a direct construction of AdS, HS gravity from field
theory

S.Das, AJ ‘03; R. de Mello Koch, K, Jin, AJ, J. Rodrigues ‘10
» The construction is based on the notion of collective fields

conformal operators ) | C b ;- collective fields: Bi-local
P I C

» Represents a direct change of variables

N o _
do'(x)e 519 = /d@ce_"s[@“’] . = o) - o(y)

z= |11

=1

= N : vector model k = N? : matrix model

»  S[®.] an effective action for @, can be explicitly constructed
and will be used to give a complete description of AdS space-
time (with the extra dimension and interactions)
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» This construction provides a theoretical laboratory for further
studies of AdS/CFT:

Origin of the extra AdS dimension
Locality of emerging AdS space-time
Bulk interactions in AdS space-time
Black hole solutions and formation
Finite N cutoff: exclusion principle

v W N -

» Re: Origin of the extra dimension

I. Holographic framework: in AdS/CFT it is used to motivate
the procedure of using CFT data (correlation functions) at
the z=0 boundary of AdS space-time

2. The direct (collective) field construction for reaching the
points and interactions in the bulk should be compared with:
Holographic renormalization group [Douglas, Mazzucato, Razamat;
S.S. Lee; H. Liu]



[. CFT;: the vector model

» Vector model in 3 dimensions:

| I 5= - A - -
L= )r) b - Db+ Erngc} (}—I[(} 0)?

s

» Large N: bubble diagrams

N — oo AN - fixed
» Two conformal (critical) theories:
° Free theory: )\ = () uv

e Interacting: )\ # () IR



» Connected two-point functions

~ B O(k1 + ko) | 1 2\

5(ky + ka)

(k) () = —— — - :
(C(F1)C(F2)) 8“:1‘ S‘Lfl‘ljrﬂ

8|kq| /\+8‘L1‘
» UV fixed point: conformal dimension=1

- - Ok L.
(Ck1)C (ko)) = (81’:\ 2)

» IR fixed point: conformal dimension=2

~ ~ . 1 8|k1| “‘?1‘2
1;- zl;- — 0 AT- 1;[ . O e
<Q( 1)G( 2)> (k1 + Fa) oA Ao\ 2 ™ ( A3



Critical point = conserved currents:

» Free theory: Makeenko '81; Mikhailov *02
Braun, Korchemsky, Muller ‘03

2 (s—1/2 s—1/2
Jpseps = Z(_l)k ( I ) ( s — I ) Oy O @ Opuyeyy -+ - O @ — traces

k=0

can be packed into a generating function

where ¢ = 0 corresponds to traceless condition.

Coupling to Higher-Spin: Bekaert
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Three-point function:

» Giombi-Yin calculated three-point function
<O€1 (3;1)062 (3:2)063 (3;3»

corresponds to the diagram:

Exact agreement with z=0 Vasiliev’s theory amplitudes.
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Collective dipole representation:

» Exact construction

» Change from field () = (¢1.¢2....05) to the bilocal field:

O(r,y) =o(x) - o(y) Z o (x O(N) invariant
¢ A

! !
3d + 3d

» Represents a more general set than the conformal fields:

O(x,e) €€ =0
(I

3d + 2d



The collective (effective) action:

» Partition function:

2= flavtole5 = [ Tts =

» The collective(effective) action:

I ; ‘N
Sers = Tr[—= (02 + 0)P(x,y) + m*®(x,y) + V] +: TTI Ind |
- I

» Origin of the In ¢ interaction: Jacobian
;s 96 (v
/(1(+T)E?_b — /({(I) det : -' ( )
| OP(xy, x9)
» The measure:

— 3 space
1(®) = (det @)"="r V,=L" s

V}j — A° momentum cutoff

=S
(




» Definition of trace
1rB = /([3IB (.‘I.',_ ;}_’r)

» Star product

(U % ) / d2W(a

» Tr and Det are natural in bi-local theory.



Properties of the collective field reformulation:

» Same partition function

» Collective field is more general than the conformal fields
O(7,6) C (7, y)

3+2 3+3

=) Bulk (AdS,) representation

» AdS, HS gravity coupling constant:

TN



Expansion

» Equation of motion:

(‘_)SC ‘,_.2 ‘._.2 ~ . A - AT 1 L
ob 0 =0 +0y)olx—y)+ 5(1)("{* y)+ N O(r,y) ’
» |/N expansion parameter:
1
b = by + —
YN
17— )
Se = S[o] + Tr[y Py ] + Zm B— oty

1 1 0
—|—\/TT1[(I)D ?](I}U IJ(I) f} —|_Z \ (\/T) TI(B )

» S_-exact: Reproduces all invariant correlators

(1) - o) o(w2) - O(y2) - - Olan) - ¢(yn))



Topology:
1 e D

Witten diagram! (bulk AdS)

(P21, y1)P (w2, 2))

(@(1)P(2)P(3))

Propagator

Collective Field Theory

Field Theory



Four-point function:

XN

Need to demonstrate

(', xh) — AdSy(a", 2)
3+3 dimensions 4 dimensions

Bi-local space-time

+ Higher-Spin fields



Physical gauge:

» To establish a one-to-one relationship with the HS theory
in 4d AdS space-time, we will use a physical (axial) picture

» Hamiltonian version

< Hidden gauge symmetry

o o e . . . M __Ju_
» Relativistic dipole: (z1. 2% )

_2 i;u L .
Lo = Py + a,ar. Li=19p , Ly =19 u.;&_
< Allows a single time gauge fixing
0 _ 0 _
Ty =Ty =1

< and a Hamiltonian formulation



» The bi-local fields ®.(x, 1) has a one-time description.
» Canonical collective field representation:

Equal-time fields

U(t:T.) =S ot F) - 6°(t. 7

a
Conjugate momenta:
q (S-

(7, y) =

» The Hamiltonian is given as

N2
"\_ Try !
&

1 [
H = 2Tx(ITYII) + / [— 72 U (2, 9)|5—g] +



» Scaling of N: ¥ — NV, IT — TI/N and the expansion
parameter is 1/,
» |/N expansion
1 -
V(r.y) = o, ?j)—l—\/—Tf/(! ). [1=+VN7

» An infinite series is generated by the expansion

Trp—t = Treby Z N Tl (Vo (7200)*)

r:rl*'

» The cubic vertex

Hy = —lr(mnm) — - =Ty (Wgrbononig
VN ) = S VN (Wornoryorito)




» Quadratic Hamiltonian:

, 1
H® = 2Tr (7o) + gTI‘ (oTrbonbo)

is diagonalized in momentum space:

1 —1 —1.
2 H H 2,
= kyka F 1 ko
» Spectrum
1 -1 1 1 — —
Wiy ks — __'l'.,."lf"Dr;L.l + __'l‘_l."lfﬂr;cg — \/ rli.'lz -+ \/ A'QQ.
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Equivalently:

» Quadratic Hamiltonian and momentum can be written in
terms of bi-local fields as

H® = [ dzdget (7. 5) (=3 +/-v3) v
P® = / dEdg) (7. 7) (05 + 05) (T, 7).

» Using light-cone quantization, we have:

Po. = Hy+ FPoy = /d-::._c'i-fr_d-::-d-.':g-'z-'fjf( Vi Vg)
(2) (2) (2) g Hebg ML TR 2f«}i|_ )I”'Q
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Conformal group

» To establish a |-1 map to HS AdS, theory, we will
concentrate on the realization of the conformal group

» In light-cone quantization: ; — 7 is the propagating time

~ [ dp™ pt .f'i_\'}f'ipﬁr_ +a'(pT. .w'é:]f'_?l'p+r_).

0 27 \/)l;ﬂr

(In d=3, we have only one transverse coordinate: »* = 1 )
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Under conformal transformation:

P

J[ T .

J[_t .

KT

4

23

+ iy + 0
da(p™,x') = 2p+a(p ')
da(p™,x') = (1‘ i — i/ pT—— g v/ pt ) W(pt, )
2pt VT Opt

da(pt,a") = (f 0 {do + 20, + \/pj

| *—2 1
da(p™,a') = { it(dy + 1'0;) — 3rtrﬁp+

and similarly for other conformal generators.

5,7 VPt ])alr”

ba(p®, ')



For the bi-local field (dipole):

» These induce transformations of the bi-local fields.

» In creation-annihilation form

—

Alxy x5, 71, 7o) = alry , 71)a(xry . 7o)

we deduce the bi-local transformations as:
5A(1,2) = da(1)a(2) + a(1)da(2)
giving the bi-local generators:
G = /(EJJTI{!:I-'Q_{’E:JTlt’fii.'gflj{fj}l = /ff;;rrl_d:r;:‘i;rrid:rgﬁj(.@1 + g2) A.

with g1 + g2 representing the two-particle “dipole”
generators.
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They take the form:

N PPy phph
P =p +pg :—(QpIr + 2});)

i o
. — _ — V1Pl 212
m. b — x- }1 + A }3 + .'I-'? N ‘|_ —I-'IE
1 P 2 P2 lzpzr 22}};
d=tp~ + a7 pl + a5 py + x1p) + xhph + 2d,
1.+ 2 ~— i i i« 1ii+lz’z’+
kT =1p~ + t(xp) + xopsy + 2dy) — o1l = 5ltatals

with a total of |0 generators operating in the 5d dipole space:

(T3207, 01505 , 2)
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[I. HIGHER SPIN THEORY IN ADS,

» A spin s field in the bulk: s-symmetric and double
traceless tensor

AFfs o symmetric o fiy. .o sy GuypaGuapg VT =0
» EOM:
VPY%'M---;L SV Vil + 3505 = D)V Vil +
+2(s —1)(s+d—=3)h,, .. =0
» Gauge transformations:
!"i.ih.'ul."'us _ vgalﬁigag...,{asr ”r{mlugi,\l,ug...,us —

Fronsdal
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Vasiliev (80-92):

» Developed an extension to include interactions.
» Fields in the HS Lie algebra:

(I)( vy, Y,z Z Z()(?l m,n’ m") Unvm "z
» Star product:

fly,z) % gy, z) = /dgudf-ue““ “fly +u, 2+ u)gly+ v,z — ),

» EOMs:
1y W+ WxW =0,
2)  dzW+d,S+{W,S}. =0,
3) dzS+S*S=BxKd:?+ Bx* Kdz*,
d,B+W B~ Bxn(W)=0,
dzB+S* B — Bx*w(S)=0.

f
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» Gauge transformations:
oW = de + [W, €.,
S = dze + [S. €.,
0B =Bx*xm(e) —ex B,
» AdS background:
W=W, 5=0, B=N0.

Wo = wk + eq

1 da’ , i,
tﬁgﬂ[(ﬂmvv+()mWW
ldi_’
Ju f-l =
e 2y
0= 3Y }
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Light-cone Quantization: Metsaev [1999]

» The HS fields can be represented in Fock space using
creation and annihilation operators o4, o

(IJ'} _ (I)-’fll---*’fls (}_-‘511 ) As

a0y, a’t

0)=0.

» Restrictions to single spins is done through the constraint

aa|P) =s|d), aa = atat

» With the additional double traceless condition

(ﬁ.g‘]g ‘(I}} — [] .' rT-:Q — ﬁ'ﬂﬁ"é ,
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» Gauge invariant EOM

a(n-D'JQﬁz — 24242 + 2(2s +d — 3))‘-:1:.;, — )

([aD.aD] — aDaD +
» Gauge transformation
5|®) = aD|A) oAy = 0.
» The Lorentz covariant derivative

1l | _ _ _ _
DH = ‘.’}M + au-.a‘iBJfAB , MAE = o4aP — oaBat,

==
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Fixing the Light-cone gauge
» In four dimensions, the only physical states are the +s

helicity states.

» Staring from the covariant notation

o0

‘{IJ> — Z (}ﬁ"i"'“sull,,,r':.LS ‘U)

s=1

» Step |: drop the oscillators «* = «” £ ¢ and keep only
the transverse oscillators o ot/

» Step 2: further constraint equation

T'|P) =0, T =alal
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» Complex oscillators

l _ 1
o = E(Hl + iasg). ol = ﬁ[fﬂ + m%),
1 . _ I s
(v — ﬁ(“.l — 'f.(I.Q)_. (]'.F — ﬁ[ﬁ{ — 'f.(f.%]__
» Expansion: 50 |
‘(I}) — Z ((I}U*)[ J (I} )|[}>

A=1

» The constraint equation

T|®) =0, T =aa
» The spin matrix

M=a'a—a'a
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[\

Light-cone form of EOM

» Through the metric: ,  2dtdr + da? + d2?

ds® =

-2
P

» Light-cone equations of motion

0, . 1. [—4)(d—0
(32(20#7 +07) + 5Mj; - ¢ )4(( })> ) =0

» From which we deduce the generator

)2 1 1., (d=4)(d—6
P =0, =——1 4 (_,)J[j’j+ b\ k) )

20 2220_ A

» Other generators of the space-time SO(2,3) group can be
evaluated similarly.
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First quantized generators

» In four dimensions, the only non-vanishing spin matrix is A7+

» One can represent o = ¢/, @ = ¢, so that the operator
becomes

MT=  e— %

» The physical field w coordinate

(I}(_-,‘_rr_l_* r ,I,zZ; 9']

» Symmetry generators LHS coordinate

G = / Ao~ drd=do dod
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Explicitly:

ﬁ_:_ﬁﬁ+m%z
2pt
0, .z
?h_m—;z?_pm—;z?ﬁ_erp
pt
d = tp” +a " pt +ap” + 2p” +d,

A | # |
kY =057 t(ap” + 2p” + da) = 5 (0% + 2)p”
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[II. ONE-TO-ONE MAP:
» CFT;: collective bi-local fields AdS,: higher spin fields

Ut (), xq), (05, 29)) 4y D(x" 07,0, 25 0)

= Same number of dimensions
| +2+2 = | +3+]|
= Representation of the conformal group SO(2,3)

« Clear from analysis of the two representations that one
does not have a coordinate transformation
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Solution: canonical transformation

« |dentifying the generators of the dipole with the
generators of HS: gives |0 equations of 2xX4=8 canonical
variables

_ ;;:Ipf“ + ;;:5}_@' SR S
pt=pf +p7. P1 P2

o F pam T
_Ip{ +reps

r = .
pi+p3 " "
pr=p1+p P = pipl — p—lpg
pi pa
4+
f# = 2 arctan . ‘“—i
P

L e

NG A (o TPy Pr
P =\/pips (] —x5 )+ — . P+ A —p2).
) T ()
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Poisson brackets

» We have the AdS, canonical variables in terms of the
dipole canonical variables (of CFT,;).

» A consistency check on the correctness of the map:
the Poisson brackets take the canonical form.

» Assuming

(o7t} = {ra gt} = 1

we verify that
(x= py={x.p"y={zp}=1{0,p'} =1

» We have a successful reconstruction of AdS space-time
from the bi-local one.
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Question

» Since there is no transformation between coordinates of
AdS, and bi-local coordinates emerging from CFT;, one
has the question how the respective fields are related?

(I)(.‘I'”, Z: Q) — P (;_1’7+; (;_1’.'1_,_ ;rl),_ (;_1’75,_ .‘I.'Q_))
» The relationship between fields:

v From the canonical transformation we can deduce that
there exists a (non-local) kernel K (AdS/dipole):

Bt 2 0) = [ Kt 2 aleh o) W(af, §)d e

v Construction of the kernel is possible
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[V. The Collective Dipole

» Two relativistic particle:

S = / drm \/ —22(7) + / dT'm \/ —a3(7)

» Equations of motion:

p;+m? =0 Py +m? =0
» Center-of-mass frame:

P>+ p*+4m* =0 P-p=_0

» Elimination of relative time: gauge fix I
P-xr=0
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Solving the constraints:

» Canonical transformation
P, =P,

0§ obs  ulrmr

op, P

L g
blu® —u"mb”

P2

XM= X" b, —

P".

P
_ R T
pﬂ- — PQ' s + b;u- e

ot = Prul b "

» Constraints lead to ©” =7 =0,
» One time: X0 — ¢

» Hamiltonian

Py = \/ P2+ p? + 4m?
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V. CONSTUCTION OF THE INTERTWINING MAP

» General integral transformation:
U(U) = / dXdp TP =P X g x)

where the generating function F(U,P) satisfies

OF OF
: = II(U. P). — = ], P).

» Saddle points approximation

OF
— - X=0=P=P"(X.U).
o = P = P(X,U)

E_;/ lIf((JT) _ /dXeiF(EJT,P*(X,EJT))z’P*(X,U}X(I)(X)
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The Liouville example:

02 02 _ 02 0
.0 o _'79 l:[f t. Q) = 0 —— |: — :| s —
[f)ﬂ (f);2 ‘ )} 2 < 912 02 ¢t o) =0

» Canonical transformation:

sinhc = —pye 7,
T, = €Py/1+ple 2.

» Generating function:

F(¢.ps) = —poln (Paﬁ'_"o +\/pre2¢ + 1) +ePy/pRem2e 4 1
» Integral transformation:

W(t, p) = /daexp(e“"’" c:oahcr)i)(t,a)'
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From bi-local field to HS field:

» In the dual (momentum) space: ( p,’, p,,p.. p, ), one
observes the transformation takes the form of a point

transformation:
pTo= p +ps,

T

P = p1+p2,
p° = pi\Dps /p] — P2/ /Py
§ = 2arctany/py /pi,

» Consequently perform a Fourier transform:

= . il et o _
O(py,py.p1.p2) = / dry dry drydrge Hxy py 25 Py +'1-1P1+~1-21-’2)cI)(;r.l , Ty, L1, L)
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» Changing to AdS variables using an inverse transform
gives the AdS higher-spin field in terms of the bi-local one:

W(r ,r 20) = / ti'lj;ﬁdj_';:"rd];;:zf':i("r_p+ +ap® +2p®)
/ dpy dps dpidpad(pt + p3 — pT)o(p1 + p2 — p*)

0 (pl Pl /Py — p‘:)

6(2arctan /pd /pT — 0)®(pl . pT. 1. po
2 /] 1 2

T fan T
Po /Py — P2
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Checking the z=0 projection

» The bilocal field gives a strong off-shell operator re-
construction of the HS field: & =W

» One check on our identification of the extra AdS
coordinate z is the evaluation of the z=0 limit

» We expect that they reduce to the conformal
operators

» At z=0:
O(x™ a” . 2,0) = / r.'f.pfr:{p;e”’_ﬁi—’Tﬂ-}?}

5(8 — 2tan”" \/pi /p1) (0t p} . . )
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» Expanding the delta function in Fourier series, one has
the binomial expansion

o =i = e B

» The conformal operators for a fixed spin s is

(=) T(s+1/2)T(s+1/2)
Z K s — k)T (s — k4 1/2)'(k+1/2)

(":')Jr)k%’?(("h)'g_k?

» The expansion coefficients agree up to an overall
normalization
(25)! sl T(s+1/2)I'(1/2)
(2k)!(2s — 2k)! — kl(s— k) T(s — k+ 1/2)T(k + 1/2)
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VI. Covariant gauge: Map

» Vasiliev’s gauge fields W,, S,. B are functions of both
space-time and two sets of spinors
F(Xadsi y. U2 2, Z)
» One possible gauge leads to comparison with Fronsdal’s
formulation

d ()(a.t:ls:. Y, 37)
4 4
» Symmetric, double-traceless tensor fields:
A2 3 g _
} 2’ MH1... s 9 9 } l ML U3 4. s O
» Covariant gauge conditions:
L _ L2 —
v h‘,u.-,u.-;g...,u.-s — O g }7";1-1;1-2---;1-.9 T O
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» Embedding AdS, into R>:
ot — y“ Y'Yy, =—1, a=0,1,2,3,5
» Higher-spin fields:
_ L« ; e N YA e Ry Ia YN 0
h)‘,u..... — yﬂ, S /{0; y,u.. — 09 /07’

» Synthesis of all integer spins

K(y.z) =Y 2% 2%ka,a. (y)

S
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» Summary of all conditions:

Fayooa. ()

transversality

gauge condition
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Mapping to symmetric representation:

(y°8y—|-2°8z—|-1)K:O (p-0p+1/2)0 =0 -

y 0K = (4-0,+1/2®=0 | §&g
"""""""""""""""""""""""""""""""""""""""" P ©
EOM 00K = J,P =0 2
0K = 02 = B

Jy - 0. K = Op - 00 =0 EOM

This gives a 3+3 dimensional representation.

One likes to extend this to the nonlinear level.
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VII. SYMMETRIC GAUG.

» Bi-local field theory is symmetric:
1.2
U(x o T ,u-)
» There is a symmetric gauge in Vasiliev’s theory:
F(y.y: 2, %)
» Solving the zero curvature equation using the pure gauge
solution

W, = g_l * 0,4
» Fixing the gauge g(x)=1, one ends up with the equations
dzS 4+ S %S =Bx (Kd*+ Kdz*)
dzB+ S+« B —Bx7m(S)=0
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W=0 gauge

» In components, one has five independent equations

Flaz2 = 015 — 055 + [S1, Sa]. =0
F.ozt = 0551 — 019 + [S9, S1]. = 0
Foaz = 0151 — 0151 + [S1, Si]. =0
Flaz2 = 0555 — 0255 + [Sa, o). =0

Reality condition for the B field
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Analog with selif-dual Yang-Mills

> HS SDYM
Foize =0 F,.=0
Foo: =0 Fy =0
Fois+ Flese =0 Fg;+F.:=0

lezﬁ x N = nggz * Ef

» Coordinates: -' =y, ' =7,

=
2
||
o
||
2
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An ansatz:

» Using the ansatz
Sy =M ts oM, So = M 1% 0yM,
Sy =M 1«0, M, So = M1 % Oy M.

» F|, and F,, are solved, F,, and F,, become

O1(J L %01J) =0 (I a)
Oo(J L% 0y )y =0 (b

where = M « M1 is a (residual) gauge invariant quantity.
» The last equation becomes

Oo(J Pk )« K +01(J P %0y« K =0
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» We now have equations for a single scalar field:

» Equation (la, Ib) can be thought of as constraints
giving a reduction:

444 —— 343
» Equation (ll) represents an equation of motion

» One can expect that an Action can be written down
for this system

» Closest in form to the covariant version of collective
field equation of motion
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VIII.Related Questions/Work

» Construction of a strong operator AdS HS theory

correspondence:
b =W|

gauge

» Intertwining map: generating the AdS, as an Emergent
space-time

P ACto: 5 = Ty (0} + 95)® + n®)

and the Hamiltonian:

1 » o N
H __TFr(z5JIEDII-+-(§7f-+-§7§)¢f%—-i;)
represents a covariant and time-like gauge fixing of

Vasiliev’s theory, respectively.

57



» Interesting question of integrability, higher
conservation laws...

» Question of quantum corrections (loop)

» It is relevant to extend our construction to other
cases, for example AdS; — CFT, HS studied by

Gaberdiel, Gopakumar, Hartman,
Henneaux, Rey
Castro, Maloney

» Sy symmetric CFT, considered by

AJ, Mihailescu, Ramgoolam ‘99
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